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Abstract 

Given a symmetric random walk in 1? with finite second moments, 
let Rn be the range of the random walk up to time n. We study 
moderate deviations for i?„ — Ei?„ and Ei?„ — We also derive the 
corresponding laws of the iterated logarithm. 

1 Introduction 

Let Xi be symmetric i.i.d. random vectors taking values in 7? with mean 
and finite covariance matrix F, set 5*^ = X^iLi ^'^'-^ suppose that no proper 
subgroup of 1? supports the random walk Sn- For any random variable Y 
we will use the notation 

F = r - EF. 

Let 

(1.1) i?„ = #{5i,...,5J 

be the range of the random walk up to time n. The purpose of this paper is 
to obtain moderate deviation results for i?„ and — -R„. 



* Research partially supported by NSF grant #DMS-0244737 
^Research partially supported by NSF grant #DMS-0405188. 
^Research partially supported by grants from the NSF and from PSC-CUNY. 



1 



For moderate deviations of i?„ we have the following. Let 

n 

(1.2) H{n) = Y,^\Su = Q). 

Since the Xj have two moments, then by |,23j, Section 2, 



tTn 27rVdet 



log 72 

r 



k=0 

and 

log bn 



H{n)-n{[n/hn])= ^'iS, = Q) 



I. r 1^1 27rVdet F 

Theorem 1.1 Let he a positive sequence satisfying bn — ^ oo andlogbn = 
o((logra)^/^) as n ^ oo. There are two constants Ci,C2 > independent of 
the choice of the sequence {bn} such that 

-Ci < liminf 6;MogP{i?„ > -^{n{n) - n{[n/bn]))} 
n^oo I rtyn) J 

;i.3) < limsup6;MogP|:R„ > T7^(H(n) - H([n/6„])| < -C2. 



Remark 1.2 The proof will show that C2 in the statement of Theorem ll.il 
is equal to the constant L given in Theorem 1.3 in [2]. We believe that Ci is 
also equal to L, but we do not have a proof of this fact. 

A more precise statement than Theorem II. II is possible when the Xj have 
slightly more than two moments. 

Corollary 1.3 Suppose E[ |Xi|2(log+(|X,|)) 2+'' ] < 00 for some 5 > 0. Let 
{bn} he a positive sequence satisfying 6„ ^ 00 and log6„ = o((logr;,)^/^) as 
n 00. There are two constants Ci, C2 > independent of the choice of the 
sequence {bn} such that 



-Ci< liminf 6-^logP|i?„ > 2g7rVdetF ,, ^ log6„ 
n^oo L (logra)"' 

(1.4) < limsup6;^logP|:R„ > 2g7rVdetF ., ^ ,, log&n| < -C2 
n-,00 I- (logn)^ J 

for any 6 > 0. 
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Remark 1.4 The constants Ci, C2 are the same as in the statement of 
Theorem ll.il See Remark 11.21 

For hn tending to infinity faster than the rate given in Theorem ll.il e.g., 
log6„ = (logn)^, then we are in the realm of large deviations. For results on 
large deviations of the range, see [T3j, [HI, [IH]- 

For the moderate deviations of — -R„ = Ei?„ — Rn we have the following. 
Let k{2,2) be the smallest A such that 

ll/l|4<A||V/||f ll/llf 

for all f E with compact support. (This constant appeared in 

Theorem 1.5 Suppose hn 00 and hn = o((logn)-'^/^) as n 00. For 
A > 

lim -^logPf-i?„ > A^^) = -{27ry\detTy^/^K{2,2yX. 

n^oo hn V log n/ 

Comparing Theorems 11.11 and 11 . 5( we see that the upper and lower tails of 
Rn are quite different. This is similar to the behavior of the distribution of 
the self-intersection local time of planar Brownian motion. This is not sur- 
prising, since LeGall, pil Theorem 6.1], shows that properly normalized, 
converges in distribution to the self-intersection local time. 

The moderate deviations of Rn are quite similar in nature to those of — L„, 
where L„ is the number of self-intersections of the random walk Sn'-, see j3]. 
Again, Theorem 6.1] gives a partial explanation of this. However the 
case of the range is much more difficult than the corresponding results for 
intersection local times. The latter case can be represented as a quadratic 
functional of the path, which is amenable to the techniques of large deviation 
theory, while the range cannot be so represented. This has necessitated the 
development of several new tools, see in particular Sections and El which 
we expect will have further applications in the study of the range of random 
walks. 

Theorem 11.11 gives rise to the following LIL for i?„. 
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Theorem 1.6 



(1.5) limsup — ; 2 — = 2nV det F, a.s. 

ri^oo n log log log n I log n 

This result is an improvement of that in there it was required that 
the Xi be bounded random variables and the constant was not identified. 
Theorem 11.11 is a more precise estimate than is needed for Theorem II. 6| this 
is why Theorem 11.11 needs to be stated in terms of 7i(n) while Theorem 11.61 
does not. 

For an LIL for — -R„ we have a different rate. 

Theorem 1.7 We have 

^ 

limsup 2 — = (27r)~^Vdet F k(2, 2)^, a.s. 

n^oo n log log n/ log n 

The study of the range of a lattice-valued (or Z'^-valued) random walk 
has a long history in probability and the results show a strong dependence 
on the dimension d. See [H], 1201, EH, Hi, HH, HI, and and 

the references in these papers, to cite only a few. The two dimensional case 
seems to be the most difficult; in one dimension no renormalization is needed 
(see 0), while for d > 3 the tails are sub-Gaussian and have asymptotically 
symmetric behavior. In two dimensions, renormalization is needed and the 
tails have non-symmetric behavior. In this case, the central limit theorem 
was proved in 1986 in [21], while the first law of the iterated logarithm was 
not proved until a few years ago in [n|. 

Acknowledgment: We would like to thank Greg Lawler and Takashi Ku- 
magai for helpful discussions and their interest in this paper. 



2 Moments of the range 

In this section we first give an estimate for the expectation of the range. 
By [231, Theorem 6.9, we have 



4 



where Ti is defined in (jl.2j) . By j2Sl, Section 2, 



(2.2) nn) r. 
and 

(2.3) H(n)-H(m)~M^ 

as n and m tend to infinity. 

Throughout this paper we will mostly be concerned with random walks 
that have only second moments. The exception is the following proposition, 
which supposes slightly more than two moments, and Corollary 11.31 



Proposition 2.1 Suppose {Xi} is a sequence of i.i.d. mean zero random 
vectors taking values in 1? with 

(2.4) E (|X|2(log+ |X|)^+^) < oo 

for some 5 > and nondegenerate covariance matrix T. Let Sn = X^iLi 
and suppose Sn is strongly aperiodic. Then 

(2.5) F{Sn = 0) = ^j== + O (— ^TjT^) . 

27™ Vdet r Vn(logn)(i+'^)/2/ 



Proof. Let (p be the characteristic function of Xi, let x ■ y denote the inner 
product in M^, let Q{u) = u ■ Vu, and let C = [— tt, tt]^. We observe that 

(2.6) \1 - ^{u) - Q{u)\ 

= |E (1 - e^"-^ + iu-X + (l/2)(m • X)2) | 

< CiImI^E {l{ix\<i/\u\}\X\^) + CilwpE (l||jf|>i/|„|||X|2) 
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and consequently for any fixed M > 
(2.7) 

1 1 - ip{u/ y/n) - Q{u/ y/n) I 

- i^) ^ ihu\\x\<vr.}iMX\f) + C2 Q ) E (l{H|x|>VH}(kll^l)') 



+^3 (l-)^{h\u\\x\>MMx\r). 



n ^ 

Choose M so that xj \o<^^'^^^ [x) is monotone increasing on a; > M, and 
therefore 

(2.8) ^{\M<\u\\x\<^}{\n\\X\f) 

\u\\X\ 



< E l|M<H|x|<v^}(l«l|X|)2log^/^+^(|w||X|)- 



< 



n 



\oil^^\\u\\X\) 
Efl{M<Hm<vs}(l^ll^l)'log'/'+'(l^ll^l) 



Also 

(2.9) E(1||,||^|>^}(|«||X|)2) 

< (i^^V^i(7^) ^ (l{Hlx|>^A}(l«ll^l)^ W/^^^(|«||X|)) . 

fl2.7p then implies that 

(2.10) |1 - v.(Vv^) - Q(Vv^)l < ^ ' ' 1/2+., • 

niog ' (n) 

Following the proof in Spitzer jSl], pp. 76-77, 



27rnP(5„ = 0) = (27r)"^ / </?(«/ v^)"c^m 



Jo + /i(n, A„) + J2(n, A„) + lj,{n,An,r) + h{n,r) 
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where 



Ii{n, An) 


= (27r)-^ 


1 [<^(m/v^)" - e-«(")/2] 






^|n|<A„ 


hin, An) 


= -(2vr)- 








J|m|>A„ 


h{n,An,r) 


= (2vr)-^ 


/ Lp{u/^/n)'^ du, 






J An<\u\<r^ 


h{n,r) 


= (2vr)-^ 


/ ip{ul du. 









Still following [Hlj, we can choose r such that \'~p{ul ^Jn)'^\ < e^'3(")/^ if \u\ < 
r^fn and by the strong aperiodicity there exists 7 > such that \^{ul \fn)\ < 
1 — 7 if |m| > ry/n and u G -JnC . Set An = c^y/log \ogn. We have 

\hin,r)\ < (27r)-i [ (1 - 7)"^^ = O(n-P) 

Jue^/nC' 

for every positive integer p. Next 



|/3(n, A„,r)| < /" e-O^^V^dn = 0((log 

|«|>C4Vlog logn 



for C4 large and similarly we have the same bound for {hin, An)\- To estimate 
Ii{n,An) we use the inequality {a^ — 6"! < n\a — b\ if \a\, \b\ < 1 with a = 
^p{u/y/E) and b = e'^^^^/^n^ Using and the analo gous expansion for 

g-Q(M)/2n have 

|Mp|log^/'+'^(|M|)| _ I^Pllog^/'+'^d^DI 
nlog'/'+\n) logi/2+^H ■ 

Integrating this over the set {\u\ < An}, we see 

\h{n,An)\ = 0((loglogn)2+^/V(logn)i/2+^) = 0{l/{logn)^'+'^/'). 
Summing Iq through J4, we obtain 

27mP(5„ = 0) = (detr)-i/2 ,^0(1/ (logn) 
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□ 



Next we establish some sharp exponential estimates for the range and 
intersection of ranges. Aside from their intrinsic interest, they will be used 
to estimate the tail probabilities in our first main theorem. 

We write S{I) for {Sk : k E I}. Let 5"^*^ i = 1, . . . ,p he p independent 
copies of S. First, by Corollary 1 of [S], for any integers a > 1, ni, ■ ■ ■ > 1, 



(2.11) (Ej-,...,j"'< E ^iL^(E4iy"---(Ej^:f', 

feiH \-ka=m 

kl,-,ka>0 

where 

J„ = n] n ■ ■ • n S^P\l, n]} n = 1, 2, ■ ■ • . 

In the next Theorem we deduce from this the exponential integrability 
of Jn, which was established in [H] in the special case p = 2 and under the 
condition that S had bounded increments. 



Theorem 2.2 Assume that the planar random walk S has finite second mo- 
ments and zero mean. There exists 9 > Q such that 



(2.12) sup sup ^)exp{^^(i^)''^'"Vy(.-i)| 

n yi,--- ,yp I \ n / J 



< oo. 



Proof. We recall the fact (see Remarks, p. 664, in j2Sl) that 

(2.13) EJ^^<{k\y{EJ^)^ k = 0,l,---, 
and for some C < oo 

Cn 

(2.14) EJ„<- n=l,---. 

[\ogn)P 

The proof of ()2.12|) is a modification of the approach used in Lemma 1 of [S] . 
We begin by showing that there is a constant C > such that 



(2.15) supEj;;^ < C™(m!)P-i( 



n 



{\ogn)'P 
8 



, m, n = 1, 2, ■ ■ ■ . 



We first consider the case m < (logn)*^^ ^^^'p. Write l{n,m) = [n/m] + 1. 
Then by pTT|l and (EH, 

feiH \-km=m 

ki_,--- ,fcm>0 



fciH \-km=m 

ki,--- ,km>0 

.^^7 \™/P//2m-l\ (n/m) 



m J \ / \ m J \[\.ogny 

<f*")(™!)^C'»(^)"''. 

~ \ m ' V(logn)P/ 

where the second inequality follows from ()2.1H|1 and the third from ()2.14j] 
using the fact that m = 0(log?T,) so that logn = 0(log(n/m)). Hence, 
taking p-th powers we obtain 



.(log?2)P. 

and ()2.15|1 for the case of m < (logra)'-^"^''''^ follows from the fact 



2m 
m 



< 4" 



For the case m > (logn)*^^ ^)Ip^ notice from the definition of that 
Jn <n. So we have 



E J"* < n"* = (log riY"" ( ) < m^P-')'" ( ) 

" - V y V(logra)P/ - V(logn)P/ 

/ ri \ m 



(logn)P 

where the last step follows from Stirling's formula. This completes the proof 
of (jnSD- 
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By Holder's inequality this shows that 

(2.16) 



< ( ^ ^ M sup \E^y''-'y^Uj!^]\ 

where the second inequality used [H], p. 1053. Our theorem then follows from 
a Taylor expansion. □ 

Remark. Theorem 12.21 is sharp in the sense that ()2.12j) does not hold if 
9 is too large. Indeed, by [21J, for any m = 1, 2, ■ ■ ■ , 

^^^^I^EJ™ — > (27r)f™det(r)'"/2Ea([0, 1]^)" 

as oo, where a([0, Ij^^) is the Brownian intersection local time formally 
defined by 



«([o,ir) 



H I S4W,is))ds 



and by Theorem 2.1 in I7j 

Eexp|0a([O,lf)^^"^^"'} = oo 
for large 6. The following theorem is sharp in the same sense. 

Theorem 2.3 Assume that the planar random walk S has finite second mo- 
ments and zero mean. Then there exists 9 > such that 

(2.17) supEexp le^^^^^lRj} < oo. 

n In J 

Proof. We first consider the case where n is replaced by 2". Let 

N = [2(log2)"Mogn] 
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so that 2^ ~ and note that 

2iv 

(2.18) #{^[1,2"]} = ^#{5((fc-l)2"-^,A;2"-^]} 

fc=i 

- ^ ^ #|S((2A; - 2)2""^ (2A; - 1)2""^] n S{{2k - 1)2""^ (2A;)2"-^] }. 

3=1 k=l 

Setting 

/3fc = #{5((fc-l)2"-^A;2"-^]} 

and 

a^.^ = #|5((2A; - 2)2""^ {2k - 1)2"-^] n S{{2k - 1)2""^ (2A;)2"-^] } 
leads to the decomposition 

2N TV 2^-1 

^2" = X]^fc~ZlZl"j>- 

k=l j=l k=l 

Recall that (Lemma 3 in |H]), 

(2.19) supEexp|Ai^#{5[l ,n] \ > < oo 

1^ K n J 

for all A > 0. In particular, 

log 2"-^,- ,^ 
supEexp |A l/^ilj < oo. 

Notice that - ■ ■ , ^2^^ is an i.i.d. sequence with K/3i = 0. By Lemma 1 in 
|3|, there is a 6' > such that 

1 ^n—N 

supEe.p{92-^^'^^\j2]3,\]<c^. 

By the choice of N one can see that there is a c > independent of n such 
that 

^^/2log2^-^ ^ (log2"^2 



2n-N 
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> c- 



So there is some 6 > such that 



s„pEexp{»(!2|£^|^]5l} 

" k=l 



< oo. 



We need to show that for some 6 > 0, 



(2.20) supEexp 9^-^^\j2J2^J 

" j=i k=i ^ 



< oo. 



Set 
(2.21) 



J„ = #{5[l,n]n5'[l,n]} n = l,2, 



where S' is an independent copy of the random walk S. In our notation, 
for each 1 < j < A^, {c(j,i, ■ ■ ■ ,«j,2J-i} is an i.i.d. sequence with the same 
distribution as J2"-j - By Theorem 12.21 (with p = 2), there is a 5 > such 
that 

f rbg2'^-^)2 _ >! 
sup sup E exp < — — — 1 ttj^i I ^ < oo. 

n j<N 2" 'J 

By Lemma 1 in ^ again, there is a > such that 



sup sup E exp i &2 



n j<N 

Hence for some ^ > 



2n~j 



k=l ^ 



< OO. 



C noe-2" r I 
C(^) = supsupEexp 62^/^ ^ \^ ' 

n j<N I ^ ' — 



fc=l 



< OO. 



Write 



N 



= n (1 - 2"^/^) and A,, = J] (l - 2-^/^). 
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Using Holder's inequality with \/p = 1 — 2 1/g = 2 we have 



Eexp \ \nQ 



, (log T 



5Z 5Z 

j=i fc=i 



,(log2 



j=l k=\ 



<Eexp|A._,^ii^|x;l:«..||-c^(^ 

j=i fc=i 



2-JV/2 



2-]V/2 



since Aat < 1. Repeating this procedure, 



Eexp <^ Aiv^ 



riog2^ 



So we have 

sup Eexp \ XooO 



<c[e) 

(log 2") 2 



<C(^) 



j=i fc=i 

2-1/2+.. . +2-^^/2 ^ ^^^^2-l/2(i_2-i/2)- 



j=i fc=i 



2-l/2(i_2-l/2)- 



We have proved p.20j) and therefore p.l7|l when n is the power of 2. We 

now prove Theorem 12.31 for general n. Given an integer n > 2, we have the 
following unique representation: 

n = 2™i + 2™2 + . . . + 2"^' 
where mi > m2 > ■ ■ - mi > are integers. Write 

no = and = 2"^^ + • ■ ■ + 2"^' i = 1, ■ ■ ■ , /. 

Then 

I z-i 
n]} = ^ #{5(n,_i, n,]} - ^ #{5(n,_i, n,] n S{n„ n]} 
1=1 



i=l 



i=l 



i=l 
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Write 



1=1 



where ^ / is the summation over i with 2"** > ^Jn and X]/' is the summation 
over i with 2"** < y^- We also define the products H/ ^'^'^ Y\.i ^ similar 
manner. Then 

(log n 



Eexp{^^^|5:'(£.-Ei?0|} 



< 



< 



n'(Eexp{.<!2|!!)!2-™.(5:>.)p,.,|}) 



n'(Eexp{4«fl2g!)!|S.,|})- 



2mi 

m\2 



f (loe;2")2_ 
< supEexpMe^-^^^|i?2-| k 

m ^ 2^ J 



Assume that the set {1 < i < Z; 2"** < y^} is non-empty. We have 

i 

So we have 

^i^<^<2fyvr\ 
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Hence 



Eexp{^ii^|5^>.-Efi.)|} 



< 



n"(Eexp{«2-(5:"2-)|5,,|})' 



2™-! Yl "2™' 



<]X'Uexp{2e^\R,r.^\} 

i ^ 

<supEexp|2^i^|:R2™||. 



2™i J] ."2'"J 



By the Cauchy-Schwarz inequality and what we have proved in the previous 
step, there exists 9 > such that 



Eexp{^^^|5^(5.-EB.)|} 

i=l 



is bounded uniformly in n. By the fact that 

(2.22) n-ni = 2™'+i + . . . + 2"' < 2*^' 
we have 

(2.23) Ai = #{^[1, 2""'] n ^'[1, n-ni]}< J^m. . 

By ()2.14j) there is a constant C > independent of n such that 



i-i 



(2.24) 



i=l 



i=l 



mi<l/2 * mi>l/2 * 



< C2'/2 + C 



n 



(logn)^ 



< C 



n 



(logn)^ 
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It remains to show that 

(2.25) supEexpl^-!— ^— - V^il < oo. 

n I- n ^ J 



i=l 



Using ()2.241 ) this follows from ()2.12p . (with p = 2), and the same argument 
used for 5i -E5i,--- ,5/ -ES/. □ 

In view of the remark prior to Theorem I2.3[ the next result shows that 
Rn has a non-symmetric tail behavior. 

Theorem 2.4 Under the assumptions of Theorem \2.'A 

(2.26) sup E exp <^ 6 ^ ^ ' \ < oo 
for all e>0. 

Proof. By Theorem EISl holds for some Oq > 0. For 9 > Oq, take an 

integer m > 1 such that m~^9 < 6q. It is easy to see that it suffices to prove 

(2.27) supEexp (e^^^^^^Rnm] < oo. 

„ I mn ) 

Set (jn = #{'S'((j — l)n,jn]}. By the facts that 

m m 
Rnm < Cjn + (y "^Cjn^ ~ E-Rnm 

and that by (Q and (Q, 



( ^ ECj„,) - ^Rmn = mER^ - ER„ 



j=i 

mn 



/ mn \ mn / mn \ 

^ \nf^) " n(mn) ^ \n(mn)V 



T-L{n) \l-L{nY / T-C{mn) \T-C{mn 

mn / 71 

— -— -animn) - nin)) + 0( — ^ 

n{n)n{mny^ ^ ' " Vlog^n 



(logn) 
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as 72 ^ oo (note m is fixed), there is a constant Cm^ > depending only on 
m and 6 such that 

L mn J \ I mn J j 

So we have □ 

3 Moderate deviations for — Ei?^ 

We can now prove Theorem ll.il 

Proof. We first prove the upper bound. Let t > and write K = [t^^bn]. 
Divide [l,n] into K disjoint subintervals, each of length [n/K] or [n/K] + 1. 
Call the i*'^ subinterval h. Let = #{5(1^)}. Then 

K K 

From ()2.H) we have 
(3.1) 

K 

^EEj - ERn 

i=i 

n/K n 1 r n/K n ^ f n 



n{:H{n)-n(\n/K])) < n{n) -n{[n/ K]) ^ 
n^n) I niXn/K]) / 

f7^^(n)-7^^([n/ir])-( 



H2(n)l 'H^{[n/K]) / V7^2(^) 



where the error term can be taken to be independent of {6„}. (This is where 
the hypothesis log6„ = o((logn)^/^) is used.) Since 



'H{n)-'H{[n/K])= fl ^^^^ = 0} ~ ^T^^S^' 
k=[n/K]+i 27rVdetr 
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we have 

(3.) 

Hence for any A > 0, 

p{^n>^(^H-^(KM))} 

< exp { - Xbn{n{n) - n{[n/bn])) }Eexp |a^^^^:R„ 

< exp { - Xb^{ni[n/K]) - + o(6„)} (^Eexp |a^^^^Ei] 

Notice that 

hm {n{[n/K])-n{[nX])) 



27rVdetr 
and that by fTP-, Theorem 6.1], 

n\n)bn-^ d 2TXt 
hz-i — >■ ^1 

where 7j is the renormahzed self-intersection local time of a planar Brownian 
motion. By Theorem 12.41 and the dominated convergence theorem, 

Eexp { A — — El \ — > Eexp { — A 71 

I J I 27rv/dd^ 

Consequently, 
(3.3) 

limsup6;MogP|:R„ > -^{n{n) -n{[n/b^]))] 

- logt 1 , -ir^ f , 27rt ^ 

< -A , + - log Eexp <^ - A , 7i ^ 

27rydetr t I 27rv/detr J 

A A 

:l0g- 



27rVdetr 27r Vdet T 

1 ^ f At , At ^ 27rt ■ 

+ - logEexp <^ , log -= - A , 7i 

t l 27r^/dd^ 27^^/dd^ 27rA/dd^ - 
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By see the proof of Theorem 3.2, the hmit 

(3.4) C = hm - log E exp { - t log t - 2nt-fi ] 

exists. Set 

L = exp(-l - C). 

Letting t — > oo in ()3.3|) gives 

limsup6;MogP{K > -^{n{n)-ni[n/b^]))] 



< ; log ; + C- 



27rVdetr 27rVdet T 2n^/det T 
Taking 

27r Vdet T ~ ^ ^ '^^ 

then yields 

limsup6;MogP|:R„ > -^{n{n)~n{[n/hr.]))] 
< -exp{ - 1 - C} = -L. 

We now prove the lower bound. The proof is similar to that of Proposition 
4.4 of [0]. Fix n and let K = Let M = [n/bn]. Let Ij be the interval 
(mj,mj+i], where the nij are integers such that mo = 0, = n, and 
rrij^i — rrij is equal to either M or M + 1. 

Let e be a vector of length a/M and let B(x, r) be the ball of radius r 
about X. Set 

= #{^(/,)}, = #{5(J,) n 5(J,-i)}. 

Let 

(3.5) A, = {Sm,^, e B{{j + l)e, |v^)} n {3(1,) C B{{j + i)e, Vm)} 
and 

(3.6) = (Ej log^ M/M > -ci} 
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where we will select Ci in a moment. By the central limit theorem, we know 
F^'^j-^[Aj) > C2 on the event Aj_i if n is large. By j^U Theorem 6.1], 
P'^™i-i(^j. n Bj) > C2/2 on the event Aj^i if we take ci sufficiently large. If 
we let 

K-l 

then by the Markov property applied K — 1 times we have 

(3.7) P(F) > (c2/2)^-\ 

On the set F we have that S{Ij) is disjoint from S{Ii) if \i — j\ > 1, and 
so on F 

K K K 

(3.8) = E^^- + ((E^^^) - ^^") - E^r 

j=l j=l j=l 

On the set F the event Bj holds for each j, and so 

K 



ciKM c^n 

As in fFT^ . 



^■^^ log^M" log^n' 



(3.10) (^}^EE,j-Ei?.- ^^^-p + 



i=i 

if n is large. 

Let A > be chosen in a moment. Let 



Set G = F n n For j odd the ifj are independent, and by Lemma 4.6 
of P, 

P(Ci) = Pf V — -^^ — > C4i^A') 

^ g-C4C5i^A]ggC5//jlog2M/M 
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where 04,05, Cg do not depend on A and without loss of generahty we may 
assume Cg > 1. Choose A large so that e"^*'^^^ < Cg ^. When n is large, K will 
be large, and then P(Ci) < ¥{F)/3. We have a similar estimate for P(C2), 
so 

nc) > (02/2)^-73. 

Set Vn = 'Hiji) — l-L{\n/h^). On the event G 

nA 

(3.11) Y,H,<2-^, 

log n 

and so combining ()3.9|) . ()3.10p . and ()3.1H) . on the event G 

(3.12) Rr,>{l-—)nvnln{n)\ 
Therefore 

(3.13) p(:R„ > (1 - —)nvn/n{nf) > c^cf . 

Define 6'„ by v'^ = Tiin) — H([n/6'„]) = f n + C7. If we apply (|3.13|) with 6„ 
replaced by we have 



¥{Rn >nvn/n{n 



k2\ 



P(i?„> (l-^)</H( 



,2 



> C8C9" 



We now take the logarithms of both sides, divide by 6^, and use the fact that 
the ratio hn/h'^ is bounded above and below by positive constants to obtain 
the lower bound. □ 



Proof of Corollary II. 3t Assume first that Sn is strongly aperiodic. We 
have by Proposition 12. II that 

(3.14) P(^„ = 0) = \== + 0(—^-^). 

27™ Vdet r Vn(logn)i/2; 

Then, if 7 denotes Euler's constant 

(3.15) E^ = log^ + 7 + oQ 

k=l 
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and 



fc_3 ^(log/c)^/2 J 2 x{logxy/'^ 



SO that 



(3.17) «w ^ gP»(5. = 0) ^ 1 + ^ 



logn 



1 + 



og y 



27r Vdet T V 
Similarly we 

(3-18) E 

k=[n/b„]+l ^ ^ ' 

To evaluate this note that 

(3.19) {\og{n/h^)fl^ = (logn - log6„)V2 

= (logn)i/^(l-log6„/logn)V2 

= (logn)V2(i + o(iog6„/logn)) 
= (logn)V2 + 0(log6„/(logn)V2) 

by our assumption that log6„ = o((logn)^/^). It follows that 

(3.20) «(„) - «(1„/M) ^ ^ E, (s + 



fc=[n/fe„]+l 

log6„ + 



/ log6„ \\ 
V (logn) 1/2;; 



27rVdet V 
27rVd^ V V(logn)V2y; 
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We then have that 



Tl 

(3.21) 



[iogny \ \[\ogn)^i'^ J J 

= 27rv^^^^(l + a„), 
[Iogny 

where we use the last equahty to define an- Let 

(3.22) 1 + a„ = (1 + a„)-^ = 1 + O (^y^^) • 
Then if we set 

(3.23) K =: 6^+^" = 
we see from (j3.21|) that 

(3.24) ^(^H - n[n/ m = 2nVd^^^^. 

Also, log6„ = (1 + a„)logfe„ = o((logn)^/^), so that Theorem 11.11 applies to 
bn, and indeed to for any > 0. 

Note that 



(3.25) bl = bn 



e\ i+o 



(logn)V2 



. [log ny/"^ 

= &n(l + 0(l„)) 

by our assumption that log6„ = o((log n)^/^). Hence by fl3.24|) and ()3.25|) 
(3.26) 6;;'logP{:R„ > :^inin)-ni[n/bn]))} 

= (1 + o(l„))6;^logP{i?„ > 27r^v/d^^^^| 
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Together with Proposition |23 Theorem ll . II apphed to proves the corol- 
lary in the strongly aperiodic case. The modifications to handle the case 
where Sn is not strongly aperiodic are very similar to those in Section 2 of 
123. □ 



4 Moderate deviations for KRn — R 



To avoid difficulties connected with subdividing time intervals, it is more 
convenient to look at the continuous time analogue of Sn- We let Ti,T2, . . . 
be i.i.d. exponential random variables with parameter 1 that are independent 
of the sequence Sn- Define Zt = Sn if Y17=i Ti <t < Yl^=i ^ Levy 

process that waits an exponential length of time, then jumps according to Xi, 
and then repeats the procedure. Define Nt = n ii Yll=i'^i ^ ^ < Yll=i'^i- 
Note that Nt is a Poisson process with ENt = t and that Zt = SNt- We write 
|Z[a, 6]| for the cardinality of {Zg : s G [a, &]}. 

Theorems 12.21 and 12.31 have the following analogues for continuous time 
processes. We omit the proofs, which are almost identical to the proofs given 
for the discrete time random walks. 



Lemma 4.1 Let Zi{t),--- , Zp{t) be independent copies of Z{t). There is 
C > such that 

m / f \ m 

(4.1) sup E^'^i'-'^'') Zi[0,t] n ■■■nZp[0,t] <C"(m!)P~M 
yi,-,yp ^ 

Consequently, there is 6 > such that 
(4.2) 

{\ogty 



{hgty 



sup sup E^y''-'y^^exp\e(^—^^Zi[o,t]n---nZp[o,t] 



< 00. 



Lemma 4.2 There is 9 > such that 

,(logt)2 



(4.3) 

Consequently 



supEexp |E|Z[0,t]| - |Z[0,t]||| < oo- 



(4.4) limsup^logPj E|Z[0,t]| - \Z[0,t] 



> A 



tbt 

{\ogty 



< -ex. 
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We will prove Theorem 11.51 by first proving the following analogue for Zt 



Theorem 4.3 For any A > and for any bt satisfying 6^ — oo and bt 
o(^{logty^^^ as t oo, we have 



(4.5) 



1 



lim — log P 

t^oo bt 



E\Z[0,t]\ - \Z[0,t]\ 
(27r)-2det(r)-i/2^(2,2)-^A. 



> A 



tbt 



i\ogty 



The next proposition shows that Theorem 11.51 follows from Theorem 14.31 
and Theorem ll.il 



Proposition 4.4 For any e > 0, 



(4.6) 



lim — log P 

n^oo b„ 



\Z[0,n]\-\S[0,n]\ 



> 6 



nbr 



(log 7^) 



-oo. 



Remark 4.5 Our proof actually gives a stronger result, but this is all we 
need. 



Proof. Observe that if n > m, then 

(4.7) E|^[0,n]| -E|^[0,m]| <E\S[m,n]\=E\S[0,n-m]\<n-m. 
Consequently, 



(4. 



E|Z[0,n]| -E\S[0,n] 



E|S[0,iV„]|-E|S[0,n]| 
< E\Nn -n\< C^/n. 

Hence, it suffices to show that for any e > 

Vnbf/"^ 



(4.9) lim -^logP( \Z[0,n]\ - \S[0 

n— >oo b„ I 



, n 



> £- 



logn 



—oo. 
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Let M > be fixed. On the event {|A^„ - n| < M^/nK} 



(4.10) 



So we have 



Z[0,n]\-\S[0,n]\ < \S[Nn A n, N^y n]\ 



\S[0, Nnyn-NnAn]\< \S[0, 2M^/nb'n] 



~ log n J 
\ogn 



} +P{|iV„-n| > Mv^}. 



p{||Z[0,n]|-|^[0,n]| 

(4.11) <P||5[0, 2Mv/^]| >e 

By Lemma 3 in [Hj, 

(4.12) supEexpje^i^SrO, 2Mv/^l| < oo, e> 
By the Chebyshev inequality one can see that 

(4.13) lim -^logPll^rO, 2MJnb'n\ \ >e 



^/nb' 



logn 



By the classical moderate deviation principle ( |13t Theorem 3.7.1]), 



(4.14) 



lim — logF{\Nn-n\ > M^/nb^} 



Thus, 



(4.15) 



lim sup — log P 

0, 



|Z[0,n]|-|^[0,n]| 



n—roo 

Letting M oo proves the proposition. 



3/2 



> 6 



logn 



< 



M2 



□ 



Thus we we need to prove Theorem 14.31 By the Gartner-Ellis theorem 
[T!^ Theorem 2.3.6]), to prove Theorem 14.31 it suffices to prove 



(4.16) 



lim f logEexp<' e-i/-(logt) E|Z[0,t]| - |^[0,t]| 



1 , „ \ . Ih 

t^oo ht ^ ^ V t 

(e7r)2v/dit(f)/€(2,2)^ 



1/2 
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Let h{x) be a smooth symmetric probability density on with compact 
support and write /^^(x) = e~^h{e~^x). We have 



(4.17) 



oo. 



The following lemma describing exponential asymptotics for the smoothed 
range will be proved in Section El 



Lemma 4.6 Let 

(4.18) 

For any 6 > 0, 
(4.19) 



lim ilogEexp J^(logt) \At{e)\^l'' 
t-^oo bt I V t 

= supi27r0v^det(r)( / {{g"^ * h,){x)\'^dx 



1/2 



{\/g{x),TVgix)\^dx\. 



where 

^={^eTy^''(M2); 11^112 = 1}. 
Furthermore, for any N = 0,1, . . . and any e > 0, 



hm — logEexp |6'\/ — (logt) 
t^oo bt I V t 



bt 



2\ 1/2 



(4.20) <2-^^^7i^9^^/d^t(f)K{2,2)\ 

The following lemma on exponential approximation will be proved in Sec- 
tion [HI In this lemma Z' denotes an independent copy of Z. 
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Lemma 4.7 Let 



iJ?(.).A.(- 
(4.21) Yl h,{J^(x-y) 



xeZ2 '-y£Z[0,2-H] 

Then for any 6 > and any j = 0,1, . . ., 



lim sup lim sup — 

e-*0 t^oo Of 



y'eZ'[0,2~H] 



(4.22) logEexp ^^e^{logt)\ \Z[0,2-H] n Z'[0,2-H]\ - Bi^\e)\'^^^ = 0. 

These lemmas will be the key to proving Theorem 14.31 Before proving this 
theorem, we present a simple lemma which will be used several times in the 
proof of Theorem 14.31 

Lemma 4.8 Letl > 2 he a fixed integer andlet {^i{p); p > 0}, ■ ■ ■ , {.^/(p); p> 
0} he I independent non-negative stochastic processes. 

(a) If there is a constant Ci > such that for any 1 < j < I, 

(4.23) 



limsupplogP{^j(p) > A} < -CiA, A > 0, 



then 



(4.24) limsupplogP|ei(p) + --- + e«(p) > a) < -CiA, A > 0. 

(h) If there is a constant C2 > such that for any 1 < j < I, 

(4.25) lim sup p logEexp { p'^oJ^jip)} < C2^^ ^ > 0, 
then 

(4.26) lim sup p logEexp I p'^9^/^^{p)T^'^^TW)} < ^2^', 

p^0+ J 



9>0. 
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Proof. . Clearly, part (a) needs only to be proved in the case / = 2. Given 
< 6 < X, let = aQ < ai < ■ ■ ■ < = \ he a partition of [0, A] such that 
ak — ctfc-i < S. Then 

N 

P{6(p)+6(p)> A} < 5^P{6(p) e K-i,afe]}P{6(p) > A-afc} 

k=l 

N 

(4.27) < 5^P{6(P) > afe-i}P{6(p) > A-afc}. 

k=l 

Hence 

(4.28) limsupplogP{ei(p) +6(p) > A} 

< max < — Cittk-i — CiiX — ak) > < —Ci(\ — 6). 

l<k<N I J 

Letting 5 — > O"*" proves part (a). 

We now prove part (b). By Chebyshev's inequality, for any A > 

(4.29) limsupplogP{0(p) > A} < - sup{^v^ - ^2^^} = 
By part (a) 

(4.30) limsupplogP|ei(p) + ■ ■ ■ + Up) > a} < A > 0. 

p^o+ 402 

In addition, by the triangle inequality and by independence, 

I 

(4.31) Eexp {p-^^^V6(p) + --- + eKp)} < U^exp {p-'9^/^)]. 
So by assumption, for any 6* > 0, 

(4.32) lim sup p log Eexp |p"^^V6(p) + ■ ■ ■ + 6(p)| < 00. 
By Uni Lemma 4.3.6], 

(4.33) lim sup p log Eexp \p-^e^^i{p) + ■■■+ ^p)] 

< SUpj^^V^--^) =C2^^ 
A>0 >- 4G2J 
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□ 



Proof of Theorem 14. 3t We begin with the decomposition 



2iv 



k=l 



\z[o,t]\=J2 

(4.34) 



A;-l k ■ 

-EE 

j=i k=i 



,2k -2 2k-l ■ 

Z\ — t, —t 

21 2^ 



nz 



2k -1 2k ■ 

: — t, —t 

23 ' 2j 



=: It - Jt- 



We first estabhsh the upper bound. Let e > be fixed. Since 

(4.35) E\Z[0,t]\ - \Z[0,t]\ = {Elt - h) + Jt - EJ^ < (E/^ - Q + J^, 
it follows that 

(4.36) P| E|Z[0,t]| - \Z[0,t]\ > Xtbt/ilogtf^ 

< P{ |E/i -It\> etbt/ihgtf'j + P{ > (A - e)th/{\ogtyy 

Notice that 

2iv 

(4.37) \EIt-It\<J2 



k=l 



E 



k-1 k ■ 
~2^^' 2^^J 



k-l k ■ 
~2^^' 2^\ 



Replacing t by 2 ^t, X by 2^A and bt by bt =: in ()4.4j) we obtain 
(4.38) 

limsup^logPj E|Z[0,2-^t]| - |Z[0,2-^t]| 



> X 



< -2^CX 



Hence by Lemma f4.8t 

(4.39) limsup^logP||E/t-/J > 

By the triangle inequality, 

(A - e)tbt 



etbt 
{\ogty 



< -£C2^. 



j=l ^ k=l 



(4.40) 



F Jt > 



(logt)^ 



■XX-e)tbt 

{logty 
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where for each 1 < j < 
(4.41) 

, ^"2A;-2 2k -1 



n z 



2k -1 2k ■ 

—t, —t 

23 2^ . 



2J 2^ 

forms an i.i.d. sequence with the same distribution as 

(4.42) |Z[0,2~^t] n Z'[0,2~^t]|. 

By Theorem 1 in P] (with 2~H instead of t), for any A > 0, 



k = l. 



2^-\ 



hm-logP<^ \Z[Q,2~H]nZ'[{],2-H]\ > 



Xth 



(4.43) = -2^(27r)-2 det(r)-^/2^(2, 2)'^X. 

Therefore, by Lemma | 



(4.44) hmilogpj Ve,,fc> 



Xth 



{log ty 



-2\2n)-''det{Ty^/\{2,2y^X. 



In particular, 



2^ — 1 

hm^logpj Ve,,fe>2 



(4.45) 

and therefore by ()4.40|) 
(4.46) hm -^logPjji > 



(A - e)tbt 
(logt)2 

-(27r)-2 det(r)-^/2K(2, 2)-* (A - e) 



(A - e)tbt 
(logt)2 



-(27r)-2 det(r)-i/2^(2, 2)-^ (A-e). 



Combining (j4.36p . (|4.39p and (j4.46|) and letting e — we obtain 



lim sup — logP 

t->oo Of 



E|Z[0,t]| - \Z[0,t]\ 



> 



Xth 



{\ogtf 



(4.47) 



< -(27r)-Met(r)-i/2^(2,2)~4A. 
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By Varadhan's integral lemma fSl Section 4.3] 

(4.48) limsup,^^ J^logEexp|^^(logt)|E|Z[0,t]| - |Z[0, t] 1 

< sup;,>o _ (27r)-2det(r)-i/2«:(2,2)-4A| 

= (07r)2yd^t(r)/t(2,2)^ 
(The uniform exponential integrability is provided by Lemma f4. 21 ) 

We now prove the lower bound. Using induction on A^, one can see that 



At{e) =: A. 



1 2 



-2A, 



t \"2 



fc=i sez2 
j=i k=i xez2 



E 



Np-y) 



y'dZ 



E _".(VT(--i'')) 

2J ' 2j 



(4.49) =:/<(£) + 2 Jt(e). 
Therefore, with given by ()4.34p 



(4.50) 



E|z[o,t]| - |^[o,t]| = {mt- it) + Jt-^Jt 

> (E/i - Ji) + Me) - \Jt - Me)\ - EJi 

> (Elt - It) - |/t(£) - \Jt - Jtis)\ - EJt + ^Atie). 



We will see that the dominant contribution to the lower bound comes from 
At{e). By the last display we see that 

(4.51) lA{e) < \E\Z[0,t]\-\Z[0,t]\\ + \EIt-It\ + llt{e) + \Jt~Jt{e)\+EJt. 
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and consequently 



1/2 



< 



E|Z[0,t]| - |Z[0,t] 

1/2 



1/2 



(4.52) + 
Notice that it follows from ()4.H1 that 



+ \Jt-Jt{e)\^'^ + \¥.Jt\^/\ 



(4.53) 



EJ, < C 



N 



If p is such that p +p =1, then by the generalized Holder inequality 



with f = 0\/ J- \ogt we have 



exp- -A(£) 
p ' / 

CnV^ 



1/2 



< e 



exp- E Z[0,t] - \ Z[0,t] 
P 



1 1/2 



exp^|E/,-/i|i/2 



3p 



(4.54) 



Ml/2 



3p 



exp^lJ,- J,(£)|V2 



3p 



Taking the p-th power and noting that p/p = l/(p — 1), this can be rewritten 
as 

~ 1/2 



(4.55) Eexp<' 6x1 -{\ogt) E\Z[0,t]\ - \Z[0,t]\ 



Eexp 



36 h 



p-iy t 

39 [ht 



-^(logt)|E/i-/i 



Eexp{-^^|(logt)/,(.)^/^} 



£-1 

3 



Eexp 



39 ht 



p-l \ t 

9 

[2p 



3 



Eexp|Ay|(iogt)|A,(e)|V2 
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By Lemma [4.61 



(4.56) 



lim — log E exp 



9 h 



2p\ t 



i\ogt)\Aie)\'/' 



sup |— Vdet(r)( [ \{g^ *he)ix)\'^dx 
{\/gix),TVg{x))dx\. 



1/2 



This will give the main contribution to ()4.55p . We now bound the other 
factors in ()4.55p . 

Using Lemma 14.81 together with ()4.48|) (with t replaced by 2^^t, 9 by 
2~^/'^9, and bt by bt =: &2^t) we can prove that for any 9 > 0, 

(4.57) lim sup ^ log E exp ^^9^{logt)\EIt - < 2-^C9^ 

Using (j4.2Up and Lemma 1^751 we see that 



(4.58) limsup^logEexp|^-y^(logt)/t(e)^/2| <2~^C9 
where C > does not depend on e. Notice that 

N 2^-1 



(4.59) 
where 



j=i k=i 



2k -2 2k-l , 

■t, —-—t \ n Z 



2^ 



23 



2k -1 2k 

—t, —t 

23 23 



-A. 



E E 



2k~2 ^ 2k~ 
20 ' 23 



(4.60) 



X 



ft] 



(x - y) 
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For each 1 < j < A^, Kj^i{e), ■ ■ ■ , Kj^2^-i{e) forms an i.i.d sequence with the 
same distribution as B[^\e). It then follows from Lemma 14.71 and Holder's 
inequality that 

(4.61) lim sup lim sup ^ log E exp { ^ W - (log t) I Jt-Jt(e) 1^/2 1 =0. 
Hence 



liminf^logEexp | d\ -{\ogt) E|Z[0,t]| - |^[0,t]| 



1/2 



p — L 

^— ^limsup^logEexp|^^Wylogt|Jt - Jf(£)|^/^| 

1/2 

\ig'*h,){x)\'dx 



+ psup| — v/det(r)( [ 

{Vgix),TVgix))dx}. 



1 

~ 2 

Take limits on the right hand side in the following order: let e 0~^, (using 
(j4.61|) ). — * oo, and then p — > 1+. We obtain 

(4.62) 

liminf-logEexp <^ 0W-(logt) E Z[0,t] - \Z[0,t]\ 
t-*oo bt I V t 

>snplne^/d^t(f)( [ \g{x)\'^dx^ -\ f {V g{x)JV g{x))dx 

= {'nef./d^)snv\(! \fix)\'dx)^ [ \Vfix)\'dx 

= (7^0)Vdet(^)/^(2,2)^ 



where the second step follows from the substitution g{x) = a/| det{A)\f{Ax) 
with the 2x2 matrix A satisfying 



(4.63) A^TA = (7r^)Vdet(r)/: 



2x2 
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(-^2x2 is the 2x2 identity matrix), and where the last step follows from 
Lemma A. 2 in [7]. □ 



5 Exponential asymptotics for the smoothed 
range 

In order to prove Lemma f4. 61 we first obtain a weak convergence result. 
Let (3 > and write 



(5.1) 
and 



2^eZ2 '-y(^Z[0,l3t] 



'x-y 



(5.2) B,Ae)=:As{trJ2\ E f E 



3/6Z[0,/3t] 



'x-y 



S/'6Z'[0,/3i] 



Vi 



Let W{t),W'{t) be independent planar Brownian motions, each with co- 
variance matrix F and write 

(5.3) a.([0,t]2)= f !\K*h,){W{s)-W'{r))drds 

Jo Jo 

and 



(5.4) 

Lemma 5.1 

(5.5) 

and 



{logtf 



a([0,t]2) = limae([0,t]^ 

£— >0 



\Z[0,l3t]nZ'[0,/3t]\-BtAe) 



d , /o„\2 



(27r)Met(r) a{[0,(3Y)-as{[0,(3y 



(5.6) Mll!Ai,^(e) ^ (27r)2det(r) / ( f h,{W {s) - x)ds ) dx. 
as t —> oo. 
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Proof. To prove (|5.5|) . we consider the following result given on p. 697 of 

ZJts) 



[231: if =: ^ then 



t 



\z[o,pt] n z'[o,pt] 



(5.7) 



Wi-),W\-),i27rYdetiT)ai[0,Pf 



in the Skorohod topology as t ^ oo. Actually, the proof in |2o] is for the 
discrete time random walk, but a similar proof works for Z. 

Let M > be fixed for a moment. Notice that 

(5.8) Pt,e{x)=Ae{t)-'K(^^^, xeZ2, 

defines a probability density on and that 

(5.9) = A^(t)-i ^^h,[^)exp{zX.^] ^U^) 

uniformly on [— M, M]^ as t ^ oo. Consequently the family 

A 



(5.10) Mx,y) 



Pt,, 



dX 



are convergent continuous functional on D ( [0, /3] , ) 0D ( [0, /?] , ) . There- 
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fore 



M,M]2 
f3t 



A 



a . Us' 



Vi 



{\ogtf 



\z[o,pt]nz'[o,pt] 



M,M]' 
13 



Pt,e 



Vi 

exp 



exp 



-iX- {Z'f\s')}ds' 



dX, 



t 



\Z[0,(3t]nZ'[0,f3t] 



■M,M? 



%{X)\' 



dX, 



(5.11) 



{27ry det{T)a{[0, Pf 



Recall that by Lemma 3 in |HI, 



(5.12) 



supEexp|^i^|Z[0,t]|| < oo 



for all 6 > 0. We will show that uniformly in A G [—M, Mf 



lim-E 



j\.v{^X■^}ds 



(5.13) 



^ 

2^v/Mr),6Z[o,/3i] 



0. 



Using the inequality 

\AA - BB'\ < \A{B -B')\ + \{A- B)B'\, 
the Cauchy-Schwarz inequality and ()5.12|) . we see from ()5.13|) that uniformly 
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in A G [-M,M]^ 



lim-E 

t->oot^ 



^X . Us' 



J2 /^-p{^^-7|} 



x&Z'[0,l3t] 



= 0. 

Together with ()5.11|) this shows that 
'loKt\2 , , 



27rt 



5^ expj^A-^} 

i;eZ[0,/3t] ^ -I '-x'eZ'[0,/3i] ^ 



(iA, 



det(r) / \h,{X)\' 



/3 



(5.15) 



L "'0 

(27r)2det(r)a([0,/3]2; 



d\, 



Notice by (j5.9|) that for any 6 > 0, one can take M > sufficiently large 
so that 

(5.16) ^ ^ ^ 



Pi,, (-^) I < 5, AG [-v^TT, Vtnf \ [M, Mf 



if t is sufficiently large. Consequently 



(5.17) Ht 



Vt7r,v^7r]2\[-M,M]2 



'-xez[o,/3t] 



^ exp{-.A.^} 



x'&Z'[0,l3t] 



dX 



< {27T)^6t\Z[0, (3t] n Z'[0, f3t]\. 
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It follows from ()4.H) that \ \ogt/{27it)j iff —> in uniformly in large t as 
M — > oo. Therefore, using ()5.15|) and the fact that h G L^, we obtain 



lo£t\2 



27Tt 



X 



[-v/t7r,v^7r]2 



(5.18) 



•x'eZ'[o,/3t] 
f det(r) / |/i,(A)| 

(27r)Met(rM[0,/3]^)). 



(iA, 



5^ exp{-.A.^} 



L "'0 

2^ 



Note that 



(5.19) 



xez2 '-yez[o,/3t] 



x-y 
Vt 



?/'eZ'[0,/3t] 



^ pt,e{x - y)pt,e{x - y') 

yeZ[O,l3t]y'eZ'[Q,0t] 



It then follows from Parseval's identity that 
(5.20) i2n)HBt^^{e). 



E 



\Pt,eW\\ 

' y6Z[0,/3t] 



j/'ez'[0,/3t] 



ciA 



s/'ez'[0,/3i] 



rfA. 



Similarly, using the fact that is symmetric so that hs{X) is real 



(5.21) 



\heW\' 
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Thus, we have proved 

■(l0gt)2 



(5.22) 



{\ogtf 



|Z[0,/3t] n Z'\Q,l3t] 



(27r)2 det(r)a,([0, (3f), (27r)2 det(r)a([0, (3f) 



fIS.Sp follows from this. 

Thus to complete the proof of ()5.5|) it only remains to show ()5.13p uni- 
formly in A G [— M, M]^. We will show that for any 5 > we can find 5' > 
and to < oo such that 



(5.23) 
and 



(5.24) (!f)'E -p{'^-4}- E -P{n-^} 



/3t 



(is 



< 5 



x£Z[0,f3t] 



Vt- 



xez[o,i3t] 



Vt- 



< s 



for all t > to and |A — 7I < 6'. We then cover [— M, M]^ by a finite number 
of discs -B(Afc, 5') of radius 5' centered at A^, A; = 1, . . . , A^. Define r(A) = A^ 
where k is the smallest integer with A G B{Xk,6'). By |^ (4.11)], we can 
choose ti < (X) such that for all t > ti and = 1, 
(5.25) 



,...,iV, 



(is 



logt 



Y: exp{.A,.^} 



< 6. 



Hence, uniformly in A G [— M, M]^ we have that for all t > to V ti 
(5.26) 



pt 



exp |iA 



Z(s) 



ds — 



logt 



proving that ()5.13|) holds uniformly in A G [— M, M]^. 



< 35 
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(j5.23p actually holds uniformly in t. To see this note that 



(5.27) 



t2 



E 



/3t 



4e 



ds 



Vi 



|A-7P 



I3t pfSt 



< C 



t3 

|A-7l 

t3 



E 




JO 
2 /"/Jt /•/3t 




\Z{s)\\Z{r)\ds dr 

s^/^r'/^ dsdr<C'\X-^\^ 



^0 



As for (E:^ 
(5.28) E 



exp 

a;eZ[0,/3t] 



-iA-7rE I 5^ 



xez[o,i3t] 



1 



{sup,<^,|Z{^)|<Cv^} 



<4E{|Z[0,/?t]pl^,,p^^^^l^(,)l>^^J+C2|A-7pE|Z[0,/3t]p 
and by (PTT^ 



(5.29) 4E \Z[0, /3t]|'l{sup.<,, |z(.)|>c;v^} + C^|A - 7rE|Z[0, (3t]\ 



< 4 <j E(|Z[0,/5t]|^)P(sup \Z{s)\ > CVt) 

s<l3t 



1/2 



C2|A-7|^E|Z[0,/3t]p 



< 



Taking C large and then choosing 5' > sufficiently small completes the 
proof of (j5.24p and hence of (j5.5j) . 
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We now prove (|5.6|) . Using the facts that Air^t) ~ t, that 



7Ef E 



t " V ft 



s,ez[o,/3t] ^ 



(5.30) 



o(l)|z[o,/?^]|^ 



(where the boundedness and continuity of is used), and ()5.12|) we need 
only show that 



(5.31) 



l0fft\2 



t 



S/GZ[0,/3t] 



'det(r) y (^j\,{W{s)-x)ds^ dx. 



By the Parseval identity, 



(5.32) 



s,ez[o,/3t] 
= (2vr)-^ 



X 



dx 



yeZ[0,/3t] 



hJx)e'^-''dx 



5^ exp{.A.^} 

yGZ[0,/3t] ^ 



?^6Z[0,/3t] 



Let M > be fixed and Ai, ■ ■ ■ , Aat and r be defined as above. By jHl 
Theorem 7], 



(5.33) 



logt 



( exp{zAi-^},---, ^^p{^^^-7f}) 



■ s/ez[o,/3t] 



j/eZ[o,/3t] 



(27r) v/dit(f) e'^^-^(^)c/s. 
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In particular, 



(5.34) 



lo(;t\2 



t 

N 



■M,M? 



exp|zr(A)-^} 



s,ez[0,/3t] 



dX 



k=l -^^k v€Z\O.0t] ^ 



k=i •'Bk Jo 



dX 



dX 



(27r)Met(r) 



\heW\' 



'[-A/,M]2 

Notice that the right hand side of (j5.34p converges to 



dX. 



(5.35) 



(27r)2det(r) 



MX)? 



dX 



as — s> oo. Applying ()5.24|) to the left hand side of ()5.34|) gives 



(5.36) 



logt\2 



t 



■M,M]2 



(27r)Met(r) 



MX)? 



■M,M]^ 



J2 ^-^i^^-ji} 



MX)? 



dX 



dX. 



As M — > oo, the right hand side of ()5.36|) converges to 



(5.37) 

= det(r) 

by Parseval's identity. Note 



(27r)Met(r) / MX)\' 

13 



dX 



R2 \ Jo 



h^(W{s) — x)ds \ dx 



(5.38) 



Hi 



t,M 



MX)? 



IR2\[-M,M]2 
2 



y&Z[0,l3t] 

\he{X)\^dX. 



dX 



R2\[_Af,M]2 
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It follows from ^^TT^ and the fact that G that i^^) H'^ i 



m 



as M — * oo uniformly in t. Therefore, using the last three displays, we 
obtain 



(5.39) 



loKt\2 



t 



dX 



det(r) j (^j\,{W{s)-x)ds^ dx. 



□ 



Proof of Lemma 14.61 Let T > be fixed for the moment. Write 
7^ = t/[T-\]. We have 



yez[o,i] 



< 



Eexp<;^^-^/^(logt) 



We obtain from Lemma f5. II (with t being replaced by t/ht and (3 = T) 

2 



1 [T-^bt 



t 

(5.41) 



(2vr)^ 



'-yeZ[0,7t] 



det(r) j {^j^ h,[W{s) -x)ds^ dx, t ^ oo. 
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In addition, 



SZ2 

?/ez[o,7t] 



(5.42) <C(^) (logt)2|Z[0,7t]P 



where in the last step we used ()4.17|) . ()5.12j) together with ()5.4H) then imphes 
that 



E 



y6Z[0,7t] 



hJJ!fix~y) 



1 2\ 1/2 



(5.43) 



1/2 



^ Eexp |27r^^det(r)(^ /j^^ ( /i4W^(s) - a;)rfs ) dx 

Combining (|5.4Up and (j5.43p we see that 
(5.44) 

hm sup ^ log E exp j ^ W - (log t ) (e) I 
t^oo bt I V t 

< — log E exp 

Then the upper bound for ()4.19|1 follows from the fact that 



^im ^logEexp |27r^V^d^W(^y (^^ he{W{s) - x)ds ] dx 
= sup (27r^V^det(f) f / \{g^ * h,){x)\'^dx^ 



1/2 



{Vgix),TVg{x))dx}. 
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This is [T^ Theorem 7]. (Or see the earher [71 Theorem 3.1], which uses a 
shghtly different smoothing). 

We now prove the lower bound for (|4.19p . Let / be a smooth function on 
with compact support and 



(5.45) 

We can write 
(5.46) 



\f{x)\'dx 



1/2 



1. 



y ^.^■772 I 'zrn *1 -I / 



■a;GZ2 '-y£Z[0,t] 



^y&Z[0,t] 



e \ \i -y) 



•y6Z[0,t] 

Hence by the Cauchy-Schwarz inequahty, 



-y) 



2 X 1/2 

dx j 

dx 



-1 2\ 1/2 



/f(E[E^;f(^-))r) 



E 'v V^ 



'-i/ez[o,i] 



> / /M E ''4Vt 



y6Z[0,t] 



T 



1^ 



dx 



1/2 



- \l-y]dx 



(5.47) 



^^/(x) ^ /i,(x-y|2/)c^a; + O(l)|Z[0, 



j/ez[o,i] 

where 0(1) is bounded by a constant. In view of (4.12), recalhng that 

vfi^.(^)i-4yf(E[E^vf(-^')lT' 

and using Holder's inequality one can see that the term O(l)|Z[0,t]| does 
not contribute anything to (j4.19p . 
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By jSl Theorem 8], 
(5.48) 

liminfilogEexp|^^ J2 (f*hs){J^y)] 

> sup \2TTe^/det(r) [ if * he){x)g\x)dx ~ \ ! {Vg{x), TVg{x))dx 
= sup |27r^V^det(r) / f{x){g'^*he){x)dx-]-l {V g{x),TV g{x))dx 
We see from fOTfl and (lOHll that 



(5.49) hminff logEexp \ -(logt)|At(e)|^/2 

t^oo bt I V t 

> sup I 27r0v^det(r) / /(x)(/ * /i^)(x)rfa; 

/ (V^?(a;),rV(7(a;))rfx 

Taking the supremum over / on the right gives 

(5.50) hminff logEexp I^a/ -(logt)| A(e)|^/4 

t-»oo I V t J 

1/2 



> sup|27r^V^det(f)( / |(/ * /i^)(x)pc/x 

(V5'(x), rV5'(a;))(ia; 



This completes the proof of ()4.19j] . 

To prove (jOUl), in we replace t by 2"^^, Q by 2"^/^^, 6^ byfe^ =: h^Nt 
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and e by 2^/'^e to find that 
(5.51) 



lim — log E exp 

t^oobt 



X 



= lim 



log E exp 



sup|27r2-^/2^yd<f)f [ \{g^ * h2N/2,){x)\^dx) 



\ 1/2 



2\ 1/2 



1/2 



1/2 



(V^(a;),rVc/(a;))^(ia; 
<sup|27r2-^/'^Vdit(f)f / |(7(a;)|^rfa; 

(V5(x),rv^(x))2dx 

= (27r2-^/2^)'v/dit(f)sup 

-\! \Vf{x)\'dx\. 

= 2-^+V^2yd^«:(2,2)^ 

where the third step follows from Jensen's inequality, the fourth step follows 
from the substitution g{x) — a/I dei{A)\f{Ax) with the 2x2 matrix A 
satisfying 

A^VA = (27r2-^/2^)'v/dit(f)/2x2, 
and the last step follows from Lemma 7.2 in [7]. □ 
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6 Exponential approximation 



Let ti, • • • ,ta >0 and write 



(6.1) Ai = [0,ii], and 



k-l 



k — 2, - ■ ■ ,a. 



Let p{x) be a positive symmetric function on with X^j.gz2p(a;) = 1 and 
define 



(6.2) L=J2 |^(A,)nZ'(A,)|-^p(x)|Z(A,)n(Z'(A,) + x 



and 
(6.3) 



Lj = \z[o,tj]r]Z'[o,tji 

- J2 Pi^) tj] n {Z'[0, tj]+x)\, j = !,■■■ , a. 



Lemma 6.1 For any m> 1, 

(6.4) EL"* > 

and 

1/2 



fciH \-ka=m 

ki,--- ,ka>0 



Consequently, for any 9 > 



m=0 



j=l m=0 



Proof. Write 
(6.7) 



iX-x 
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We note that 
(6.8) 

Notice also that 
(6.9) 

1 



|p(A)|<p(0) = l. 



j=l x&Z{Aj) j'=l x'GZ'(A,,) 



■iX-x' 



d\. 



We therefore have 



(27r)2™ 



(27r)2™ 



2 m 



n lib LL Z III 

J([-nM^)^ fc=l i = l x,eZ(A,) fc=l 



{[-■7r,7r]2)"i 



(6.10) 

where 
(6.11) 



m 

(n[i-p(A.)]rfA, 



fc=i 



^.(A)= E 



This proves ()6.4|) and imphes that 

1/2 



(6.12) jEL^I 



< 



(27r 



a 

— y 



^1 l""" 1^*^ 1 



|E(i/,,(Ai)---i/,„(A, 
[l[[l-p{Xk)]dXk) \ 

k=l ' 



1/2 



Note that for any k > j we can write 
(6.13) 
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where 
(6.14) 



xez{Akyz{tj 



is independent of J-'t^ . 

Let h, - ■ ■ , /m be fixed and let kj = Yl^i '^(^*? i) be the number of /'s which 
are equal to j, for each 1 < j < a. Then using independence 

(6.15) 

/ EK(Ai)---i/;^(Aj) (ll[l-p{Xk)]dXk) 

= / (^^(^^-.i) • ■■Hjih'^,)) r(nn [i -p(a,v)]^a,,,) 

J([-7r,7r]2)' 



^(n (^r(A,,i) • • •i^r(A,,.j) f (nn [i -p(A.7)]rfA 

= / . |E(n(H«(A,,)...Hj"(A,.j) 

F{X2,i, ■■■ , A2,fe2; • • • ; A„,i, • • • , A„,feJ ( H 11 ~ P(Aj,0] dXj,i^ , 



j=i 1=1 

|2 



j=2 1=1 



where 
(6.16) 

-^(A2,l, • • • , X2,k2'i ■■■'■> Xa,l, ■ ■ ■ , Xa,ka) 



/ 



E 



(n[i-^(M^Ai,,). 



j=2 i=l 
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Notice that by symmetry 



(6.17) 



E 



0=2 1=1 



is real valued. Hence if Z' denotes an independent copy of Z, and H[ is 
obtained from Hi by replacing Z hy Z' , 

(6.18) F{\2,1, ■ ■ ■ , X2,k2'i ■ ■ ■ ; '^a,,!, • • • , K,ka) 

E 



([-,r,7r]2)fel 
fcl 



= E 



exp|i(^^A,v) 

j=2 1=1 

ki 

X n (^i(AM)^i(AM)) (n [1 -F(AM)]ciAi 
1=1 -I ;=i 

j=2 1=1 

„ fcl -1 fcl 

x/ n (n[i-^(M^AiA. 



By the fact that 



» fcl fcl 

(6.19) / n (Hi{Xi,i)H[{Xi,i)) ( n [1 - PiKi)] dKi) 



[l-p(A)]//i(A)//;(A) dA 



fcl 



we have proved that 



/ E(i/;,(Ai)---i/;^(A„)) (W^[\-v{Xk)\d\^ 



< (27r)2^iE|Li 



I fcl 



'([-7r,7r]2)™-'=i 

(6.20) (nn[i-^(^^v)]Av)- 
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E(nK^(v)---^^r(A„fc,)) 



J=2 



j=2 ;=i 



Repeating the above procedure, 



E (Hi, (Ai) ■ ■ ■ (A„)) I ( n [1 - P(^^)] 



a 



(6.21) < Y[ |(27r)2'=^E|Ljf'^| = (27r)2™ JJ E|Ljf ^ 

Our Lemma now follows from ()6.12|) . □ 
Proof of Lemma 14.71 Define 

(6.22) q,,{x) = A, (^) Yl (Vf^^ - ^0 (Vf ^) ' ^ 

Then qt,e{x) is a probability density on Z^. We claim that 

(6.23) (£) = J2 %e{x)\Z[0,t]n {x + Z'[0,t])\. 

This follows from the fact that 



xez2 j,'eZ'[o,t] y& 



and 

(6.25) |z'[o,t] n (z[o,t] = |z[o,t] n (z'[o,t] + 

Write -It = t/[bt] and A, = [(j - 1)7*, J7i], J = 1, ■ ■ ■ , h]. Note that 

|^(A,) n z%t]\ - Ei<,<.<[.,] |^(A.) n z{A,) n z'[o,t]| 

(6.26) < \Z[0,t]r\Z'[0,t]\ <^f^-^\Z{Aj)r\ Z'[0,t]\ 
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and similarly 



[h] 



(6.27) J] J]gi,,(x)|Z(A,)n (x + Z'[0,t]) 



Hence, 



j=i xez2 

^<j<k<[bt] xez'^ 

< J2 itAx)\z[o,t]n {x + z%t])\ 

[bt] 

i=i xez2 



|Z[0,t] nZ'[0,t]| - ^ gt,^(x)|Z[0,t] n (a; + Z'[0,t 



< 



(6.28) 



[|^(A.)n^'[o,t]| - 5^gt,,(x)|Z(A,)n (x + Z'[0,t] 

j=i xez2 

|^(A,)nz(Afc)nz'[o,t]| 
5^ 5^ qt,e{x)\z{/\j) n z(A,) n (x + z'[o,t])|. 

l<J<fc<[fet] X&I? 



We first take care of the last two terms. This is the easy step. Write 

(6.29) r/(t,£)= Y |^(A,)nZ(A,)nZ'[0,t]| 

i<i<fc<[bt] 

+ H 5^gi,,(x)|Z(A,)nZ(Afc)n (x + Z'[0,t])|. 
It follows from (jO)) that 

(6.30) sup Eexp < C ^ i a \ a \ , v m j-n i 

t,j,k,x [_ yt 



Z(Aj-) n ^(Afc) n (x + Z'[0,t])| ' ^ < oo 
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for some c > 0. Hence, if 6j = o((logt)^/^), then for any 6 > we can find 
to < oo such that 

(6.31) 

supEexp !^e^{\ogt)r]{t,6y^^^ 

< sup supEexp |^W-(logt)6i|Z(Aj) n Z{Ak) n (x + Z'[0,t]) 

t>to j,k,x I V t 



1/2 



< OO. 



Hence 



(6.32) hmsup^logEexp |^;/-(logt)r7(t,£)^/2| = 0. 



To handle the first term on the right hand side of ()6.28|) set 

[bt\ 

(6.33) at,e) = J2 [\Z{Aj)nZ'[0,t]\- qtA^)\Z{Aj) n {x + Z'[0,t])\ 

Using Fubini, independence and then the Cauchy-Schwarz inequahty we have 
(6.34) 



\EC{t,e 
(27r)-2'» 



-I r m [bn] 



<(2vr) 



fc=la;'j.eZ'[0,i] 
2m 



HE E 

fc=i i=i XfceZ(A,) 



G?A]^ • • • G^A^^ 



dXi ■ ■ ■ dXr, 



[bt] 



^ 1/2 r ^ 1/2 

< <{E|z[o,t]nz'[o,t]|™[ <^EC(t,£) 



2 1/2 
C?Ai ■ ■ ■ dXfn 



56 



where 

(6.35) at.e) = J2 [\Z{A,)nZ'{Ak)\-J2%e{x)\Z{A,)n{x + Z'{Ak))\ 

j,k=i xez^ 

and we have used the fact that 1 — $i,e(A) < 1 in the last step. Note that in 
the notation of ()6.2|) . C(t,e) = L with p{x) = qt,e{x), so that by ()6.4|) . for all 
m > 1 

(6.36) EC(t,e)>0. 



Let S > he fixed for a while. By Cauchy-Schwarz and then ()6.34j) 




where in the last step we used ()6.36|1 and the fact that \Z[0, t] fl Z'[0, t]\ > 0. 

By [8 , (2.11)], there is a C > independent of 6 and 9 such that 
(6.38) 

* 'm=0 
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In addition, by Lemma f6. II 



(6.39) 



Eoo 
m=0 



Klogt))"|EC'"(t,£)} 

<{E™.o^(^/^(logt))"^{E|/?(t,.)| 



1/2 



1/2 



where 

(6.40) (3{t,e) = |Z[0,7t] nZ'[0,7t]| - ?t,e(x)|Z[0,7d n (x + Z'[0,7i])|. 

X6Z2 

Recall that qt,e{x) is defined by (j6.22p and •jt = t/[bt]- As in the proof of 
fl6.23|) we can check that 

^ qt,e{x)\Z[0,^t] n (x + Z'[0,7i])| = 5^„i, 

see ()5.2p . By Lemma I01 (with t replaced by 'jt), 
bt{\ogtf 



(6.41) 



-f3{t,e) ^ (27r)^det(r) a([0, 1]^) - a,([0, 1]^) 



By Lemma f4. II (with p = 2), 

/ f ^ 

(6.42) E\P{t,e)r < 2supE(°'^)|Z[0,7t]nZ'[0,7t]r < m!C"^ ( -(logt)-^ 



Hence, 

(6.43) lim,_E:^.o^^-/^ 



(logt))"{E|/3(t,. 



1/2 



E^=o ^((2vr)vW))"^{E|«([0, 1]^) - «.([0, 1]^)P} 



m>, 1/2 



So by ()6.39|) we have 

(6.44) limsup,_J^logE::=o^^f\/?(log^)) \^r{t,e] 



<logE^=o 



(27r)v/d^) {Ea([0,l]2)-a,([0,l]^ 



1/2 
m>, 1/2 
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By 121 Theorem 1, p. 183], 



(6.45) 



E 



«([0,l]2)-a,([0,l]^ 



as £ — >• 0"*", 



for all m > 1. In addition, by [3 (1.12)], there is a constant C > such that 



(6.46) 



E 



a([0. If) - a,([0, 1]2) < E«™([0, 1]^) < m\C^' 



for all m > 1. By dominated convergence, therefore. 



(6.47) Yl 



m=0 



ml 



(277) v/d^)"|E a([0, 1]2) - a,([0, 1]^ 



m>| 1/2 



as 5 ^ 0+. (Alternatively, this follows immediately from [T^. (6.29)]). Thus 

1/2 



1 ^ f^""*^^)"^ / lb 

(6.48) lim lim sup — log > — 

£^0+ t^oo bt ^-^^ ml 

m=0 



Summarizing what we have. 



^(logt))"{Er(t,e)} =0. 



(6.49) lim sup lim sup ^ log E cosh lOy - (log t) |^(t, e) \ | 

e^0+ t-,oo bt l V t J 



< C{69f 



Letting 5^0+ gives 



(6.50) limsuplimsup^logEcosh|eW-(logt)|C(t,£)|^/2| =0. 
Since exp(x) < 2cosh(x) we see from ()6.50|1 that 

(6.51) limsuplimsup-^logEexp|^W-(logt)|^(t,e)|^/2| =0. 

e^0+ t-*oo h l V t J 

By (I6.28|) and ()6.23|) we have thus completed the proof of Lemma WTfl when 
J = 0. If in KT2^ with j = we replace t by 2-H, 9 by 2-^/'^e, h hjbt =: 62^^ 
and e by we obtain ()4.22|) for any j (compare the proof of ()4.20j) ). □ 
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7 Laws of the iterated logarithm 



We first prove some lemmas in preparation for tlie proof of Theorem 11.61 
Define 



and K = [log log n] + 1. 



3 



log^ n 

n 



Lemma 7.1 There exists a constant C\ such that if A and B are positive 
integers and C = A + B, then 



{AABy/^ 

Cl/2 1og2C' 



Proof. The cases when A ot B equal 1 are easy, so we suppose A,B > 1. 
Write 



c r An{c)-n{A) Bn{c)-n{B) 

1-L{C)VC HiyA) C n{B) ' 

By ()2.2|) and ()2.3p . the right hand side is bounded in absolute value by 



C 



C2; 



AlogC-logA 51ogC-logS 



TogCL C log A C \ogB 

where (pj = j / \ogj. Our result now follows by Lemma 4.2 of jS]. 



□ 



Lemma 7.2 There exists Aq such that if X > Xq, then 

P(maxi?m > Anlogloglogra/ log^ < (logn 



,-2 



Proof. Using Lemma iT.ll in place of Lemma 4.2 of [G\ and with <fj,Gj re- 
placing (fj, Gj, resp., we have by jH], Lemma 4.3 and the proof of Proposition 
4.1 (up through the display in the middle of p. 1390), that 



(max Gm > A log log log n) < (logn) 

m<n 
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if A is large enough. By (j2.ip and (|2.2|) . we see that 



n 



max - {Rm - (Pm)\ < C17— 2— = o(n log log log n/ log n), 



log n 



and our result now follows immediately. □ 

Proof of Theorem II. 6t Let ^ = 27rV det T. We begin with the upper 
bound. Let ?7,e > be small and let g > 1 be very close to 1. Let tj = [g*]. 
If _ 

Ai = {Ru > (1 + V)^U log log log U/ log' U } , 

then it follows from Theorem 11.11 that Yli^i^i) < ^5 so by Borel- 
Cantelh, ¥{Ai i.o.) = 0. 

Next, if A is sufficiently large, 



(7.1) P(maxi?m, > Anlogloglogn/log' n) < (logn) '■ 

m<n 

by Lemma f7. 21 Let 



Bi = < max [Rk - Rt,] > eU log log log tj/ log U 

By subadditivity R^ — Rti < Rk-u ° (^u , where 9t- is the usual shift operator 
of Markov theory. By Lemma 17.11 

(7.2) ERk - ERt, > ERk-u - c-^. 

log U 

So by the Markov property, and using the fact that the P^' law of Rk-u does 
not depend on x, for i large 



(7.3) P(fi,) 



= P( max [Rk - Ru - {^Rk - Ei?t J] > et, log log log U/ log' U) 

ti<k<ti+l 

< P( max [Rk - Ru - ^Rk-u] + > eU log log log U/ log' t,) 

U<k<U+x log ti 

< P^*. ( max [Rk-u] > eti log log log U/ log' U - c-\-) 

ti<k<ti+i log ti 

< P( max Rk > ftj log log log U/ log' U) 

k<ti+i-ti 
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If q is sufficiently small, then ^jP(-Bj) will be summable by (jT.lj) . So with 
probability one, for i large enough 

max Rk < {{1 + 1])^ + e)qtilogloglogti/ log^ U. 

Since t] and e are arbitrary, and we can take q as close to 1 as we like, this 
imphes the upper bound. 

Let r]> 0,ti = [exp(2^+2)], Vi = #S{{ti, U+i]), and set 

a = {Vi > (1 - vMU+i - U) logloglog(t,+i - ti)/\og\ti+i -U)}. 

Note that the events Ci are independent. By Theorem ll.ll and Borel-Cantelli, 
¥{Ci i.o.) = 1. Note 

{U+i - U) logloglog(tj.+i - U) ^ tj+i log log log tj+i / ^ \ 

Also 



\Vi - Ru^, I + \m - ^Ru+, I < = o( 



ti+i logloglogti+i 

2 



log U+i 

Therefore with probability one, infinitely often 

Ru+, > (l - |)^i^*+ilogloglogt,+i/log^ti+i. 
This proves the lower bound. □ 

We now turn to the LIL for — -R„. First we prove 

Lemma 7.3 Let e > 0. There exists qo{e) such that if 1 < q < qo{e) , then 

1 



P( max {Rn — Rk) > ^nloglogn/ log n) < 



[q-^n\<k<n log H 

for n large. 



Proof. Let 



Let 



nil 



eZ+\ n[0,n], z<log2ra + l. 



Given k, let ki = max{j & Ai : j < k}. We write 

Gk = Gki + {Gk2 — Gki) + {Gks, — GfeJ + ■ • • , 

where the sum is actually a finite one. If Gk > e log log n for some [g^^n] < 
k < n, then either 



(7.4) 



G[q-in] > flog log n 



or for some i there exist consecutive elements i, m of Ai such that 



(7.5) 



log log n. 



By subadditivity i?„ — Rk ^ Rn-k ° dk for k < n, while by Lemma f7. II 



Ei?„ - ERk > ER. 



■n—k 



n 



log^ n 



Then setting k = [q ^n], 

P(G[g-i„] > I log log n) 
log^ n 



— P^(-Rn — Rk 

< p^* {r, 



n 



{ER„. - ERk)^^ > I log log n 



n 



log n 



log^ n 



n—k ^Rn—k 

n n 



+ ci(l - g"^)^/^ > f loglogn). 



Using the fact that the P^' law of Rn-k does not depend on x, this is the same 
as 



P 



R. 



■n—k 



> 



n log in — 



[n- k)/ log (n -k) n-k \o 



n 



^(|loglogn-ci(l-g-^)V2)). 



If g > 1 is close enough to 1 and n is large enough, by Theorem 11.51 this is 
bounded by 



(7.6) 



C2exp 



2 1 - g^ 



< 



1 



2 log n 
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This bounds the probabihty of the event described in (j7.4|) . 
Similarly, — Re < Rm-e ° di and by Lemma 17.11 

'm — £\i/2 n 

"2 



Ei?^-Ei?, >Ei?„_, -Cl(^- 



n / log n 



So if i and m are consecutive elements of Ai, similarly to (j7.6j) we obtain 
(7.7) 

- > -i:^ log log n) < P(^^ > log log n - ci2-/2). 
V lOz^ / Vn/log n lOi^ / 

For n large, Ci2~*/^ < 2^ log log n for all i and n/(m—£) = 2' , so by Theorem 
11.51 the left hand side of ()7.7|) is less than 

Rm-i . £ ^11 \ ^ ( loglogn^ 

T > ^ log log 72 < Coexp — C3 . 

(m-£)/log'(m-£) - 40i2m-£ & 6 ; - 2 ^^-2 



There are at most 2*+ such pairs m, so 

ti^i := P(for some consecutive elements E Ai : Gm — Gi > 5- log log n) 

10^"' 

Since C32Y40i^ > 2{i + 1) log 2 for i large, then for n large enough 

2' log log 72^ 



Wi < C2exp ( - C3- 



40i^ 
So then 



. , ~ 21og^n 

1=1 ^ 

for large tt,, and this bounds the event that for some i there exist consecutive 
elements i, m of Ai such that ()7.5p holds. Combining with the bound for 
(I7.4|l . the result follows. □ 

Proof of Theorem II. 7t Let 

e = (27r)2det(r)-i/2^(2,2)-^ 
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Upper bound. Let 77, e > and choose q G {l,qo{e)) where go(^) is as in 
Lemma 17731 Let ti = [g*]. If 

A = i -Ru > (1 + 2. — 



then by Theorem ll.51 ^ ■ P(Aj) < 00, and hence by Borel-Cantelh, P(v4j i.o. 
0. Let 

5i = <^ max (i^t - Rk> > £ ; — 2: 

{U<k<u+i log 

By Lemma 1731 P(-Bi) < C)0, and again P(-Bj i.o.) = 0. So with probabihty 
one, for k large we have ti < k < ti+i for some i large, and then 

-Rk = -Rt,+i + (Ru+i - Rk) 

^^-1/. , .ti+iloglogti+i ti+iloglogti+1 
log ti+l log ti+i 

/ ^ 1 / N N ^ log log k 

log fc 

Since e, 77 can be made as small as we like and we can take q as close to 1 as 
we like, this gives the upper bound. 

Lower bound. Let 77 > 0, = [exp(i^"'"2 )], Vi = ^^((tj, tj+i]). Let 

Q = l-F. > e-(l - ^) (^m-t.) loglog(t.^,-t.) | _ 
I log [ti+l - ti) J 

By Theorem II. 5[ 'Yli^i.^-'t) = The Ci are independent, and so by Borel- 
Cantelh, P(Ci i.o.) = 1. 

Since Rti^-^ < + Ru aiid 1E-Rt,_|_i > El^, then 

-Ru+i > -Vi - Rt^. 

Now 

D /ti+l log log ti+l 

Ru <U = o\ — 

^ log ti+l 

and 

(ti+l - ti) log log(ti+i - ti) ti+i log log ti+l 
log^ (ti+i - ti) log^ti+i 
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so 

-Ru+i>Q (1-277) — 7— 21 ' 

log tj+l 

This implies the lower bound. □ 
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